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i. (10 pts) Find the matrix produet

[i o 2 o] [~i ~] [2 2]O 2 O 1 -1 O 3 3
11 O 1 i\

II1\ ~ C

ABC = [- ~

~J L2LJ == i-6-jb J
.~::> .3 ~ 3



- [o i]2. (12 pts)Find all 2 x 2 matrices X com~uting with the fixed matrix A = O O (that

Is, XA ~ AX). PV.t X:::. L: ~L T~

r° bl LO 11 lO C\-1x A:::: L-(~ ci j o 0.::::- o c

LO LL fe> bi [e. VL1

Ax= ooJ Lc.cjj= ° oj CL b]Tkl5 XA=AX iN c=o,Ct=c1: X=[OCl

3. (10 pts) Let T : ]R3 -+ ]R3 be the linear transformation defined by T(x, y, z) = (y 

z, x + y, z - 2x). Find the matrix of T relative to the standard basis e (that is, lvJ:(T) or
M(T)~).



= SpC<V1 1-- (C o) o ) )

t (1\)0; o)) (o) t) 0/) Is

Nok -\:U T(X,'L'6)= O rU J='c='O.

L-{~~o~ UrL C--i):::: {(A/O/O) '. A (iRj
= tR (L0; O) =- SL?C("" 1. fc O) O)).

iS c\ b'1S' is fS )- ~- C T)

4. (12 pts) Let T : ]R3 -"-7 ]R3 be the linear transformatian defined by T(x, y, z) = (y, z, O).

Find bases for K er(T) and im(T) respectively.

11~.s tc L Oi O) J

~~r~ )

i'm(T)= { (c<, b> o) " a, b E" IRJ c=

( O; () o)J )-tk +- is---,

~ bc1 .ri~ ~r' (\-nCT) .



5. (10 pts) Show that T: Fun]R(S) -> ]R3, T(f) = (f(a) + j(b), j(b) + j(c), j(c) + j(a)) is

an isomorphism ofvector spaces, where S = {a,b,c}.

-ti ot) i-t (6) := c) /
fCb) 1-f{C)=O

{(c)tfla)=o

'\jvliuk ~ -kl-h ~r&cs
~ (({) '==f ( b) =- ~(C) ~ O CrL

\CVL ( i- ) -= ~ oJ.

--tki-

r~o,Tk~s

Ju-vv~ -tk~ OUm ( ~ (T) )::= 3 '

\J-e;~tz (YV\ CT) = iR 3 ,



6. (14 pts) Let T : P2(JR) --+ ]R2, T(p(x)) = (pi(i), J02 3p(:r)dx) be a linear transformation.

(a) Find the matrix (li.1!(T) or M(T)j) of T relative to the pair (e, f) of bases, where
e = {i, x, x2}, f = {(i, O), (O, in.

(b) Using the Change of Basis Theorem, find the matrix (Mf,' (T) or M(T)}/) of T relative
to the new pair (e', 1') of bases, where ei = {i + x, 1- X, 2x2}, l' = {(i, i), (i, on.



7. (12 pts) Consider the plane W = {(x, y, z) E JR31x+ y = O} with its basis vectors

Li = (1, -1, O),h = (O,0,1).

(a) Find the matrix (M:(P) or M(P)~) of the orthogonal projection P : JR3 ----+ JR3 onto

W, relative to the standard basis e used twice. N ö k ~-~__
P ( Ai ri + A2--{i- + 1-3 ~3 )::: r:A i -fi ~ ~'~L \J.-l ri, ~3 = (-I) L oJ

blA ~ ei = ~ Cf.l-f3) / ~2 =: ~ (-/, -t-13) J e3 =-!L -?

,) p( et) '=:: ~+i=: C ~.J -~) ()) i p(el..) '=: (- ilLJ !;1j o ) _./

P ( fi3 ) = ~i.:(o) 0i () .. i-~ bQ
lt7.... .- 'ii.. O

ii: (p ) == 1._ iiz- lll. Ö
O O .\

(b) Find the matrix (M: (Q) or M (Q)~) of the skew projection Q : JR3 ----+ JR3 onto Hi
paraUel to the vector h = (1, O,O) relative to the standard basis e used twice.i \'\+L~s. evs~ ~ \'-O~ Q Cf\A, +Ai---f 2.t )..3 (3) =: Ai Ri t )..1- LL

\1...l ~k .f'3 = (~)o" O ) . 'Bqt-

eF-f3> > ei--= -fi ~13) ~:= ~z- ~ ~/('tJ:::: (a) O) ô))

Q L €z.J= --f, = (- \) {) O)) Q Ce] ) ,=42-:::: (Oj o) () .

K~V\~ 1'0 ·-1

~JJ'-'I~(Q) =- \ o

i
O

o



8. (10 pts) Show that T:]R3 ---7 ]R3, T(x,y, z) = (O,2x,x + y) is a nilpatent transformatian

of index 3. Find a vectar v E ]R3 such that f = (v, T(v), T2(v)) would be abasis for ]R3,

and the matrix (Mf (T) or M(T)~) of T relative to the basis f.

( ~)T(~))
TkL'- j

T?..( X/)J 7::) = T ( O) 2.X) X-:J) = CO) O) ~ X )

~cA T:' ('X./i) C)= i (O) Oj ~x) =:. 'ô ,
L .. -~

T (\1):= (O/O)~J 't: O

~= ((iioioJ) [o/.'J.ii)} (01012)) ~~

Nf CT)=-

L~
O

~oJO
t



9. (10 pts) Show that T:]R3 ----+ ]R3, T(x,y,z) = (y,z,x) is a cyclic transformation. Find

a cyclic vector v for T and the matrix (Mf (T) or A1(T)j) of T relative to the basis
f = (v, T(v), T2(v)).

pv~+
"2.-.

T [v)-

'rf,,!) = (o) o) i) a>A.o!

~ l-t. ~ ez


