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m Exercises

CHAPTER 3 APPLICATIONS OF DIFFERENTIATION

Since f'(x) = 0 for all x, we have f'(c) = 0, and so Equation 6 becomes
FG2) = flx) =0 or  f(x) =f(x)

Therefore f has the same value at any two numbers x; and x21in (a, b). This means that £
is constant on (a, b). it

Corollary 1If f'(x) = ¢'(x) for all x in an interval (a, b), then f — g is constant
on (a, b); that is, f(x) = g(x) + ¢ where ¢ is a constant.

PROOF Let F(x) = f(x) — g(x). Then
Fi(x) =f'(x) = g'(x) = 0
for all x in (a, b). Thus, by Theorem 5, F is constant; that is, f — g is constant.
NOTE Care must be taken in applying Theorem 5. Let
X 1" ifx>0
S = lx] ~ -1 ifx<o

The domain of fis D = {x | x # 0} and f'(x) = 0 for all x in D. But S is obviously not a
constant function. This does not contradict Theorem 5 because D is not an interval. Notice
that f is constant on the interval (0, «) and also on the interval (—, 0).

1-4 Verity that the function satisfies the three hypotheses of
Rolie’s Theorem on the given interval. Then find all numbers ¢ that
satisfy the conclusion of Rolle’s Theorem.

L) =5~ 12x+3x% [1,3]
2 fx)=x’-x*—6x+2 [03]
3 /) =Vx —5x [0,9]

4 f(x) =cos2x, [n/8,77/8]

8. Use the graph of f given in Exercise 7 to estimate the values of
c that satisfy the conclusion of the Mean Value Theorem for the
interval {1, 7].

9-12 Verify that the function satisfies the hypotheses of the Mean
Value Theorem on the given interval. Then find all numbers ¢ that
satisfy the conclusion of the Mean Value Theoren.

8. flx) =2x> = 3x+ 1, [0,2]"

5 Let f(x) = I — x* Show that f(—1) = f(1) but there is no 1. f(x)? =Y, [o, 1]
number ¢ in (—1, 1) such that f’(c) = 0. Why does this not

contradict Rolle’s Theorem?

6. Let f(x) = tan x. Show that f(0) = f(m) but there is no
number ¢ in (0, ) such that f'(c) = 0. Why does this not con-

tradict Rolle’s Theorem?

. . Value Theorem on the given interval. Graph the function, the
1. Use the'graph of f to estimate the values of ¢ tl}at satisfy the secant line through the endpoints, and the tangent line at (c, f).
conclusion of the Mean Value Theorem for the interval [0, 8].

NEEERREEEN 8./ = x. [0,4]

- 14 fx) =x"—2x, [-2,2]

10 f(x) =x*+x— 1, [0,2]

X
x+2°

12. f(x) = [1, 4]

13-14 Find the number ¢ that satisfies the conclusion of the Mean

Are the secant line and the tangent line(s) parallel?

1 ﬂ/‘“ 15. Let f(x) = (x — 3)% Show that there is no value of ¢ in (1,4)

% Graphing calculator or compuiter required

T I O O

> such that f(4) — f(1) = f"(c)(4 — 1). Why does this not con-
y tradict the Mean Value Theorem?

4. Homework Hints available at stewartcalculus.cory




16.

Let f(x) = 2 — |2x — 1}. Show that there is no value of ¢ such
that f(3) — f(0) = f'(c)(3 — 0). Why does this not contradict
the Mean Value Theorem?

17-18 Show that the equation has exactly one real root.

17.

19.

20.

2x +cosx =10 18. 2x — 1 —sinx =0

Show that the equation x* — 15x + ¢ = 0 has at most one root
in the interval [—2, 2].

Show that the equation x* + 4x + ¢ = 0 has at most two
real roots.

. (a) Show that a polynomial of degree 3 has at most three

real roots.
(b) Show that a polynomial of degree n has at most # real
" roots.

. (a) Suppose that f is differentiable on R and has two roots.

Show that f' has at least one root.

(b) Suppose f is twice differentiable on R and has three roots.
Show that f” has at least one real root.

(c) Can you generalize parts (a) and (b)?

. If f(1) = 10 and f(x) = 2 for I < x < 4, how small can f(4)

possibly be?

. Suppose that 3 < f'(x) < 5 for all values of x. Show that

18 < £(8) — £(2) = 30.

25. Does there exist a function f such that £(0) = —1, f(2) = 4,
and f'(x) < 2 for all x?

2. Suppose that f and g are continuous on [a, b] and differ-
entiable on (a, b). Suppose also that f(a) = g(a) and
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S'(x) < ¢g'(x) for a < x < b. Prove that f(b) < g(b). [Hint:
Apply the Mean Value Theorem to the function & = f — ¢.]

. Show that /1 + x <1 + xifx> 0.

. Suppose f is an odd function and is differentiable every-

where. Prove that for every positive number b, there exists
a number ¢ in (—b, b) such that f'(c) = f(b)/b.

. Use the Mean Value Theorem to prove the inequality

[sina ~sinb| < |a—b| foralla and b

. If f'(x) = ¢ {c a constant) for all x, use Corollary 7 to show

that f(x) = cx + d for some constant d.

. Let f(x) = 1/x and

it x>0
glx) =

I+— ifx<O
x

Show that f'(x) = ¢'(x) for all x in their domains. Can we con-
clude from Corollary 7 that f — g is constant?

. At 2:00 pM a car’s speedometer reads 50 lzm/h. At2:10 pM it

reads 65 km/h. Show that at some time between 2:00 and 2:10
the acceleration is exactly 90 km/h%

. Two runners start a race at the same time and finish in a tie.

Prove that at some time during the race they have the same
speed. [Hint: Consider f(¢) = g(r) ~ h(t), where g and h are
the position functions of the two runners.]

. A number a is called a fixed point of a function f if
f(a) = a. Prove that if f'(x) # 1 for all real numbers x, then
fhas at most one fixed point.

EE How Derivatives Affect the Shape of a Graph

Many of the applications of calculus depend on our ability to deduce facts about a function
/ from information concerning its derivatives. Because f’(x) represents the slope of the
curve y = f(x) at the point (x, f(x)), it tells us the direction in which the curve proceeds at
each point. So it is reasonable to expect that information about f(x) will provide us with
information about f(x).

B What Does f' Say Ahout f?

To see how the derivative of f can tell us where a function is increasing or decreasing,
look at Figure 1. (Increasing functions and decreasing functions were defined in Section
1.1.) Between A and B and between Cand D, the tangent lines have positive slope and so
f'(x) > 0. Between B and C, the tangent lines have negative slope and so f'(x) < 0. Thus
it appears that f increases when f'(x) is positive and decreases when f'(x) is negative. To
prove that this is always the case, we use the Mean Value Theorem.




