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CHAPTER 3 APPLICATIONS OF DIFFERENTIATION

We now apply the Closed Interval Method to the continuous function ¢ on the interval
0 =t = 126. Its derivative is

a'(t) = 0.0023808: — 0.05504

The only critical number occurs when a'(y) = 0:

0.05504
| = A =~ 23,12
0.0023808
Evaluating a(z) at the critical number and at the endpoints, we have
a(0) = 7.196 alt) =~ 6.56 a(126) = 19.16

So the maximum acceleration is about 19.16 m/s” and the minimum acceleration is

about 6.56 m/s>. L]

m&ercises

1. Explain the difference between an absolute minimum and a
local minimum.

7-10 Sketch the graph of a function f that is continuous on [1, 5]
and has the given properties.
2. Suppose f is a continuous function defined on a closed 7
interval [a, b].
(a) What theorem guarantees the existence of an absolute max-
imum value and an absolute minimum value for f? 8

{(b) What steps would you take to find those maximum and
minimum values?

. Absolute minimum at 2, absolute maximum at 3,
local minimum at 4

. Absolute minimum at 1, absolute maximum at 5,
local maximum at 2, local minimum at 4

. 9. Absolute maximum at 5, absolute minimum at 2,
! 3—-4 For each of the numbers a, b, c, d, r, and s, state whether the local maximum at 3, local minima at 2 and 4

function whose graph is shown has an absolute maximum or min-
1mum, a local maximum or minimum, or neither a maximum 10. f has no local maximum or minimum, but 2 and 4 are critical
nor a minimum, numbers

3y 4y

1. (@) Sketch the graph of a function that has a local maximum
at 2 and is differentiable at 2.
.(b) Sketch the graph of a function that has a local maximum
at 2 and is continuous but not differentiable at 2.
ﬁ (¢)i Sketch the graph of a function that has a local maximum

0 x 0 cd v osx at 2 and is not continuous at 2.
) 12. (a) Sketch the graph of a function on [—1, 2] that has an
5-6 Use the graph to state the absolute and local maximum and absolute maximum but no local maximum.
minimum values of the function. (b) Sketch the graph of a function on [—1, 2] that has a local

maximum but no absolute maximum,
5.
13. (a) Sketch the graph of a function on [—1, 2] that has an
absolute maximum but no absolute minimum.
(b) Sketch the graph of a function on [—1, 2] that is discontin-

uous but has both an absolute maximum and an absolute
minimum.

14. (a) Sketch the graph of a function that has two local maxima;
one local minimum, and no absolute minimum.

@ Graphing calculator or computer required 1 Homework Hints available at stewartcalculus.com




(b) Sketch the graph of a function that has three local
minima, two local maxima, and seven critical numbers.

15-28 Sketch the graph of f by hand and use your sketch to
find the absolute and local maximum and minimum values of f.
{Use the graphs and transformations of Sections 1.2 and 1.3.)

f) =3Gx— 1), x=3
.f(x):2~%x, x= -2
Cfx) =1/x x=1
Cf) = 1x 1<x<3
. f(x) = sinx, 0=x< /2
o f(x)= sinx, 0<x= /2
. f(x) = sinx, /2= x< /2
 f()y =cost, —3m/2sis 3m/2
L f) =1+ (x+ )3, —2=x<5
) = x|

%5, f(x)=1—x

% f)=1-x

: Cfi-x ifo=x<2
2. f0 =V —4 if2=x<3

‘ 4—x* if 2=x<0
8. f(x) =
2 {2x~1 fo=x=2

. 9~42 Find the critical numbers of the function.

k 29 f(x) = 5x? + 4x 30. fly)=x*+x"—x
3. f(x) = 2x° — 3x* — 36x CF) = 2% + 2t 4 2x
BWop=r"++1"+1 34, g(r) = |3t — 4|

y — 1 P _
—_— 36. h(p) =
y2_y+1 1([7) p2_|_4

b = — 2t 3. g(x) =x"—x
() = x¥(x - 4)? 40. g(6) = 40 — tan 6
f(0) = 2 cos 0 + sin®0 82, g(x) = VI —

g(y)-=
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47, f(x) =263 = 3x> — 12x + 1, [-2,3]
88 f(x) =x* — 6x> + 5, [-3,5]

48, f(x) = 3x* — 4x® — 12x> + 1, [-2.3]
50. f(x) = (x> — 1), [—1,2]

5Lﬂ@=x+%,mlﬂ

52. f(x) = — [0,3]

K —x+
83. f(1) = 14 — 12, [-1,2]

54. f(1) = V18 — 1), [0,8]

55, f(r) = 2cos ¢ + sin2¢, [0, 7/2]
56. f(1) =t + cot(t/2), [w/4,Tmw/4]

57. If ¢ and b are positive numbers, find the maximum value
of f(x) =x(1l —x)" 0=<=x=<1

58. Use a graph to estimate the critical numbers of

f(x) = |x* — 3x> + 2| correct to one decimal place.

59-62

(a) Use a graph to estimate the absolute maximum and minimum
values of the function to two decimal places.
(b) Use calculus to find the exact maximum and minimum values.

59, f(x) =x"—x*+2, —I=<x=]1
60. f(x) =x*—3x" +3x*—x 0<x=2
61, f(x) = xy/x — x?

62. f(x) =x— 2cosx, — x=<0

4 A formula for the derivative of a function f is given. How
¥ critical numbers does f have?

210 sin x
x* = 6x+ 10

100 cos’x

M) =—— — 1

=1+ -
10 + x

_Find the absolute maximum and absolute minimum values
1 the given interval.

) =3 - 125+ 5, [0,3]
= =3x+ 1, [0,3]

. Between 0°C and 30°C, the volume V (in cubic centimeters)
of 1 kg of water at a temperature 7" is given approximately by
the formula

V = 999.87 — 0.06426T + 0.00850437?* — 0.00006797"*

Find the temperature at which water has its maximum
density.

. An object with mass m is dragged along a horizontal plane
by a force acting along a rope attached to the object. If the
rope makes an angle 6 with the plane, then the magnitude of
the force is

_ mimg
usin 6 + cos 0

where w is a positive constant called the coefficient of friction
and where 0 < § < 77/2. Show that F is minimized when
tan 6 = .
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65. A model for the US average price of a pound of white sugar
from 1993 to 2003 is given by the function

S(r) = —0.00003237#° + 0.0009037¢* — 0.008956¢°
+ 0.03629¢% — 0.04458¢ + 0.4074

where r is measured in years since August of 1993. Estimate
the times when sugar was cheapest and most expensive dur-
ing the period 1993-2003.

@ 66. On May 7, 1992, the space shuttle Endeavour was launched
on mission STS-49, the purpose of which was to install a
new perigee kick motor in an Intelsat communications satel-
lite. The table gives the velocity data for the shuttle between
liftoff and the jettisoning of the solid rocket boosters.

Event Time (s) Velocity (m/s)
Launch 0 0
Begin roll maneuver 10 56.4
End roll maneuver 15 97.2
Throttle to 89% 20 136.2
Throttle to 67% 32 226.2
Throttle to 104% 59 403.9
Maximum dynamic pressure 62 4404
Solid rocket booster separation 125 1265.2

(a) Use a graphing calculator or computer to find the cubic
polynomial that best models the velocity of the shuttle for
the time interval ¢ € [0, 125]. Then graph this polynomial.

(b) Find a model for the acceleration of the shuttle and use it
to estimate the maximum and minimum values of the
acceleration during the first 125 seconds.

67. When a foreign object lodged in the trachea (windpipe)
forces a person to cough, the diaphragm thrusts upward caus-
ing an increase in pressure in the lungs. This is accompanied
by a contraction of the trachea, making a narrower channel
for the expelled air to flow through. For a given amount of

68.

69.

70.
n.

72,

THE CALCULUS OF RAINBOWS

air to escape in a fixed time, it must move faster through the
natrower channel than the wider one. The greater the velocity
of the airstream, the greater the force on the foreign object.
X rays show that the radius of the circular tracheal tube con-
tracts to about two-thirds of its normal radius during a cough,
According to a mathematical model of coughing, the velocity
v of the airstream is related to the radius » of the trachea by
the equation

o) = klro — Nr*  snsr=rn

where k is a constant and ry is the normal radius of the
trachea. The restriction on r is due to the fact that the tracheal
wall stiffens under pressure and a contraction greater than %rof
is prevented (otherwise the person would suffocate).
(a) Determine the value of r in the interval [%ro, ro] at which

v has an absolute maximum. How does this compare with.

experimental evidence?
(b) What is the absolute maximum value of v on the interval)
(c) Sketch the graph of v on the interval [0, ro]. ‘

Show that 5 is a critical number of the function
glx) =2+ (x = 5)°
but g does not have a local extreme value at 5.
Prove that the function
flx) = x10 4 x5 + x+ 1
has neither a local maximum nor a local minimum.

If f has a local minimum value at ¢, show that the function
g(x) = —f(x) has a local maximum value at c.

Prove Fermat’s Theorem for the case in which f has a local
minimum at c.

A cubic function is a polynomial of degree 3; that is, it has

the form f(x) = ax® + bx® + cx + d, where a # 0.

(a) Show that a cubic function can have two, one, or no criti
cal number(s). Give examples and sketches to illustrate
the three possibilities.

(b) How many local extreme values can a cubic function
have?

of rainbows.

Rainbows are created when raindrops scatter sunlight. They have fascinated mankind since
ancient times and have inspired attempts at scientific explanation since the time of Aristotle. In
this project we use the ideas of Descartes and Newton to explain the shape, location, and colors

1. The figure shows a ray of sunlight entering a spherical raindrop at A. Some of the lightis
reflected, but the line AB shows the path of the part that enters the drop. Notice that the light
is refracted toward the normal line’AO and in fact Snell’s Law says that sin o = k sin &,
where « is the angle of incidence, s the angle of refraction; and k == 1 is the index of

observer

Formation of the primary rainbow

refraction for water. At B some of the light passes through the drop and is refracted into the
alr, but the line. BC shows the part that is reflected. (The angle of incidence equals the angle
of reflection.) When the ray reaches C, part of it is reflected, but for the time being we are




