Exercises

SECTION 15.7 TRIPLE INTEGRALS 1049

1. Evaluate the integral in Example 1, integrating first with
respect to y, then z, and then x.

. Evaluate the integral ([, (xz — y*) dV, where
E={xy2]|-1<x=<10=sy=<2 0=<z<1}
using three different orders of integration.

3-8 Evaluate the iterated integral.

3 joz J: J‘Orz (2x — y)dxdydz 4. L] sz jo) 2xyz dz dy dx

6. fol L]L‘/:?y i 1 dx dz dy

1 Lm fo) f(: cos(x‘ +y+ zydzdxdy

S[P e

. Lﬁ; LX Lﬂ x*sinydydz dx

18 Evaluate the triple integral.
. ﬂf » 2x dV, where
E: {(J‘%)’,Z)IogySZ, Og‘x

. ([, e”” dV; where
E={(x,y,z) |[0=sy=slysx=s1,0=sz

z
i fj‘fbmdv, where
E={(x,y,z) | lSy$4,ySz$4,0$x$z}

. [[], sin y dV, where E lies below the plane z = x and above the
_ triangular region with vertices (0, 0, 0), (41, 0, 0), and (0, 7, 0)

JII,; 6xy v, where E lies under the plane z = 1 + x + y
and above the region in the xy-plane bounded by the curves
‘=\/;,y=0,andx:1

mb xy dV, where E is bounded by the parabolic cylinders
y=x2andx=yzandtheplanesz =0andz=x+y

JfT,x* dV, where T is the solid tetrahedron with vertices
(0:0,0),(1,0,0), (0, 1,0), and (0,0, 1)

Nl xyz dV, where T is the solid tetrahedron with vertices
0,0,0), (1,0,0), (1, 1,0), and (1,0, 1)

mpx dV, where E is bounded by the paraboloid
% =4y + 4z and the plane x = 4

Ilf;2av, where E is bounded by the cylinder y + 2> =9
and the planes x = 0, y = 3x, and z = 0 in the first octant

Computer algebra system required

CAS

19-22 Use a triple integral to find the volume of the given solid.

19. The tetrahedron enclosed by the coordinate planes and the
plane2x +y +z=4

20. The solid enclosed by the paraboloids y = x* + z? and
y=8—x*—1z°

21. The solid enclosed by the cylinder y = x* and the planes
z=0andy+z=1

22. The solid enclosed by the cylinder x*> + z2 = 4 and the
planesy = —landy + z=4

. (a) Express the volume of the wedge in the first octant that is
cut from the cylinder y? + z* = 1 by the planes y = x
and x = 1 as a triple integral.

(b) Use either the Table of Integrals (on Reference Pages
6-10) or a computer algebra system to find the exact
value of the triple integral in part (a).

. (a) In the Midpoint Rule for triple integrals we use a triple
Riemann sum to approximate a triple intégral over a box
B, where f(x, y, z) is evaluated at the center (x;, y;, z)
of the box B;. Use the Midpoint Rule to estimate
{fJ; Vx> + y*>+ z? dV, where B is the cube defined by
0=sx=4, 0=<y=4 0=z= 4 Divide B into eight
cubes of equal size.

(b) Use a computer algebra system to approximate the inte-

gral in part (a) correct to the nearest integer. Compare
with the answer to part (a).

25-26 Use the Midpoint Rule for triple integrals (Exercise 24) to
estimate the value of the integral. Divide B into eight sub-boxes
of equal size.

25. {[f, cos(xyz) dV; where

B={(x,y,2) |0=x<1,0=sy=<10=z

26. [[[, \/xe** dV, where
B={(x,y,2) |0sx<=4,0=sys=

27-28 Sketch the solid whose volume is given by the iterated
integral.

a ([ dydzax w 7" Y dx dz dy

29-32 Express the integral [[[, f(x, y, z) dV as an iterated integral
in six ditferent ways, where E is the solid bounded by the given
surfaces.

29. y=4-x2—4z, y=0
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30.y2+z22=9, x=-2, x=2
3Ny =ux% =0, y+2z=4

32 x=2, y=2, z=0, x+y—2z=2

33. The figure shows the region of integration for the integral
101 1-
fo jﬁ S " fx,y, z) dz dy dx

Rewrite this integral as an equivalent iterated integral in the
five other orders.

34. The figure shows the region of integration for the integral
1 fi=x? fl1-x
L L L fx,y,2)dydz dx

Rewrite this integral as an equivalent iterated integral in the
five other orders.

35-36 Write five other iterated integrals that are equal to the given
iterated integral.

35. Ll LI jo) flx,y,2) dzdx dy

36. f(: Ll JO f(x,y,2)dx dz dy

38. [[[, (z* + siny + 3) dV, where B is the unit ball
¥yl

39-42 Find the mass and center of mass of the solid £ wi
given density function p. ~

39, E is the solid of Exercise 13; p(x,y,z) =

40. E is bounded by the parabolic cylinder z =
planes x +z = 1,x = 0,and z = 0; plx,y,z) =

41. Eisthecube givenby 0 =x=<gq, 0<y=<gqa, Os 7
px,y, 2y =x*+y* + 2

42. E is the tetrahedron bounded by the planes x = 0,y
z=0x+y+tz=1 pluyz=y

43-86 Assume that the solid has constant density k.

43. Find the moments of inertia for a cube with side ]ength
one vertex is located at the origin and three edges lie al
the coordinate axes. ‘

44. Find the moments of inertia for a rectangular brick w k
dimensions a, b, and ¢ and mass M if the center of t
is situated at the origin and the eﬁges are parallel to
dinate axes.

45. Find the moment of inertia about the z-axis of the soli
cylinderx* + y? < a’, 0<z<=h

46. Find the moment of inertia about the z-axis of the soli
Jii+yrs:z=h

47-48 Set up, but do not evaluate, integral expressions for
(a) the mass, (b) the center of mass, and (c) the moment of
inertia about the z-axis.

47. The solid of Exercise 213 p(x,y,z) = Vx* + y*

48. The hemisphere X2+ yi+2=s1,z=0

p(x,y,2) = Jx2+y* + 2?

37-38 Evaluate the triple integral using only geometric interpreta-
tion and symmetry.
37. [[f.(4 + 5x%yz*) dV, where Cis the cylindrical region

¥ +yls4 2=z=2

. Let E be the solid in the first octant bounded by the ¢y
x>+ y? = land the planes y =z, x = 0, and z = O Wi
density function p(x,y,z) = | + x + y + z. Use a4 ¢0
puter algebra system to find the exact values of the
following quantities for E.

(a) The mass
(b) The center of mass
(c) The moment of inertia about the z-axis

. If E is the solid of Exercise 18 with density function
p(x,y,z) = x* + y?, find the following quantities, ¢O!
to three decimal places.

(a) The mass
(b) The center of mass
(c) The moment of inertia about the z-axis
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. The joint density function for random variables X, Y, and Z is where V(E) is the volume of E. For instance, if p is a density
Fy,z)=Cxyzif0sx=2,0sy<2 0=:=<2 and function, then p... is the average density of E.

f(x, v, ) = 0 otherwise.

(a) Find the value of the constant C.
MFdPX<=1,Ys1,Z=<1).
() Find PX + Y + Z=1).

. Suppose X, Y, and Z are random variables with joint density
function f(x, y, z) = Ce O3 OBH) if y = (0 y = 0, z = 0,

and f(x,y, z) = 0 otherwise.

(a) Find the value of the constant C.
(b) Find PX < 1, Y = 1).
©FindPX<=1,Y<1,Z=<1).

53-54 The average value of a function f(x, y, z) over a solid

region E is defined to be

53. Find the average value of the function f(x, y, z) = xyz over
the cube with side length L that lies in the first octant with one
vertex at the origin and edges parallel to the coordinate axes.

. Find the average value of the function f(x, y, z) = x%z + y%z
over the region enclosed by the paraboloid z = | — x? — y?
and the plane z = 0.

. (a) Find the region E for which the triple integral

ﬂj(] — X% = 2y% = 3% qV

is a maximum.

. 1 _ .
Save = _‘7(—11:). H fx,y,2)dvV (b) Use a computer algebra system to calculate the exact
E

DISCOVERY PROJECT

maximum value of the triple integral in part (a).

VOLUMES OF HYPERSPHERES

In this project we find formulas for the volume enclosed by a hypersphere in r-dimernsional space.

1. Use a double integral and trigonometric substitution, together with Formula 64 in the Table
of Integrals, to find the area of a circle with radius r.

. Use a triple integral and trigonometric substitution to find the volume of a sphere with
radius r.

. Use a quadruple integral to find the hypervolume enclosed by the hypersphere
x>+ y* 4+ 22 + w? = r*in R* (Use only trigonometric substitution and the reduction
formulas for [ sin"x dx or | cos"x dx.)

. Use an n-tuple integral to find the volume enclosed by a hypersphere of radius r in
n-dimensional space R". [Hint: The formulas are different for n even and n odd.]

In plane geometry the polar coordinate system is used to give a convenient description of
certain curves and regions. (See Section 10.3.) Figure 1 enables us to recall the connection
between polar and Cartesian coordinates. If the point P has Cartesian coordinates (x, y) and
polar coordinates (r, 8), then, from the figure,

X =vrcosf y = rsin @

rr=x* 4 y? tan 6 = 2
X
In three dimensions there is a coordinate system, called cylindrical coordinates, that is
similar to polar coordinates and gives convenient descriptions of some commonly occur-
ring surfaces and solids. As we will see, some triple integrals are much easier to evaluate
in cylindrical coordinates.




