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CHAPTER 14 PARTIAL DERIVATIVES

within a sphere containing (g, b ¢
Fla,b,c) = 0,FJa, b, c) # 0,and F,, F,, and F, are continuous inside the sphere,

equation F(x, y, z) = 0 defines z as a function of x and Y near the point (a, b, ¢)
function is differentiable, with partial derivatives given by [7]. ‘

J 0z
Find—iand—ifx3 + 3+ 2+ bxyz = 1.
ox dy

SOLUTION Let F(x, y, z) = x> + y3 + 2% + 6xyz — 1. Then, from Equations 7, w

oz F, 3x° + 6yz x* + 2yz
The solution to Example 9 should be T T T T3 =TT
compared to the one in Example 4 in ox £ 3+ bxy 2+ 2xy
Section 14.3, 9z _ _F 3 4 6xz )74 2x

dy F, 3z° + 6xy > + 2xy

mjxercises

1-6 Use the Chain Rule to find dz/dt or dw/dt.

13. If z = f(x, y), where f is differentiable, and
Lz=x*+y"+xy, x=siny, y=ce'

x=g(n) y = h()
g(3) =2 h3) =17

2. z=cos(x +4y), x=5" y=1/t g(3) =5 WQ3) = —4
X 2’ = 4 > =

3.Z=\/1+x2+y2, X=1Int, y=cost 27 =6 2T 8

find dz/dt when r = 3.

4z=tmn(y/x), x=e, y=1—¢" 14. Let W(s, 1) = F(u(s, 2), (s, 1)), where F, u, and v are di
tiable, and 4
bow=xe", x=1 y=1-¢ z=1+2 u(1,0) =2 o(1,0) =3
u(l1,0) = -2 v(1,0) =5
6. w =1Inyx2 + y2 + 22, x=sgint, y=cost, z=tant¢ ' w(1,0) = 6 u(1,0) = 4
t s - t E -
F(2,3)=~1  F(2,3)=10

7-12 Use the Chain Rule to find 9z/ds and dz/at. Find W,(1, 0) and W1, 0).
T.z=x%" x=scost, y=ssint 15. Suppose f is a differentiable function of x and y, and

' g(u, v) = fle" + sinv, e* + cos v). Use the table of val
8 z=arcsin(x —y), x=452+ 7, y=1-2¢ to calculate ¢,(0, 0) and ¢,(0, 0).

9 z=sinfcosp, =317 ¢=s%

10 z=0e""2 x=3/1, y=1y/s

M. z=¢"cosh, r= st, 0= ./s2 + 2

12z = tan(u/v), wu=25+ 31 p=735— 2t

16. Suppose f is a differentiable function of x and y, and
g(r,s) = f2r — s, 5% — 4r). Use the table of values in
Exercise 15 to calculate g,(1, 2) and g5(1, 2).

1. Homework Hints available at stewartcalculus.com




720 Use a tree diagram to write out the Chain Rule for the given
ase. Assume all functions are differentiable.

7. u=f(x.y), wherex =x(r,s, N, y=yrs1

8. R=f(x,y,21), wherex = x(u,v,w), y= y(u, v, w),
7= z(u, v, w), t = t{u, v, w)

19. w=f(r,s,1), wherer =r(xy), s =s(xy), t =1l y)

20, t = f(u, v,w), where u=u(p,q,r, $), v=10(p,q,71,5),
w=w(p,q,71.5)

226 Use the Chain Rule to find the indicated partial derivatives.
o z=x>+xy,, x=uv’+w, y=utove
gz 9z 0z

—_— T whenu=2,v=1,w=0
ou dv Ow

2 u=+r2+t s r=y+xcost s=x+ ysint,

whenx=1,y=2,1t=0

Bow=xy+yz+zx x=rcosf, y=rsinf, z=rb;

whenr =2, 0= 7/2

8, P=Jul + o>+ w, u=xe, v=ye, w=e”;

9P 9P
—, — whenx=10,y=2
ax  Jy

+
274 p=utow, g=v+tuw r=wtuv;

whenu =2,v=3,w=4

7-30 Use Equation 6 to find dy/dx.
20 ycosx = x% + y? 28. cos(xy) =1 +siny

tan"H(x%y) = x + xy* 30. ¢’sinx = x + xy

31-34 Use Equations 7 to find 0z/dx and 9z/dy.
Cxt 2y + 32 =1 2. -+ -22=4
f=xyz M yz+xiny=72

. The temperature at a point (x, y) is T{(x, ), measured in degrees
Celsius. A bug crawls so that its position after seconds is
givenby x = /1 + ¢,y = 2 + 11, where x and y are measured

in centimeters. The temperature function satisfies 7%(2, 3) = 4

_and T,(2, 3) = 3. How fast is the temperature rising on the

_ bug’s path after 3 seconds?

. Wheat production W in a given year depends on the average
temperature T and the annual rainfall R. Scientists estimate
that the average temperature is rising at a rate of 0.15°C/year
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and rainfall is decreasing at a rate of 0.1 cm/year. They also

estimate that, at current production levels, oW/ oT = =2

and dW/OR = 8.

(a) What is the significance of the signs of these partial
derivatives?

(b) Estimate the current rate of change of wheat production,
dWw/dt.

. The speed of sound traveling through ocean water with salinity

35 parts per thousand has been modeled by the equation
C = 14492 + 4.6T — 0.055T* + 0.000297° + 0.016D

where C is the speed of sound (in meters per second), T is the
temperature (in degrees Celsius), and D is the depth below the
ocean surface (in meters). A scuba diver began a leisurely dive
into the ocean water; the diver’s depth and the surrounding
water temperature over time are recorded in the following
graphs. Estimate the rate of change (with respect to time) of
the speed of sound through the ocean water experienced by the
diver 20 minutes into the dive. What are the units?
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. The radius of a right circular cone is increasing at a rate of

4.6 cm/s while its height is decreasing at a rate of 6.5 cm/s. At
what rate is the volume of the cone changing when the radius
is 300 c¢m and the height is 350 cm?

. The length €, width w, and height & of a box change with

time. At a certain instant the dimensions are £ = 1 m and

w = h = 2 m, and £ and w are increasing at a rate of 2m/s
while /1 is decreasing at a rate of 3 m/s. At that instant find the
rates at which the following quantities are changing.

(a) The volume

(b) The surface area

(c) The length of a diagonal

. The voltage V in a simple electrical circuit is slowly decreasing

as the battery wears out. The resistance R is slowly increasing
as the resistor heats up. Use Ohm’s Law, V = IR, to find how
the current / is changing at the moment when R = 400 Q,
=008 A, dV/dt = —0.01 V/s, and dR/dt = 0.03 Q/s.

. The pressure of 1 mole of an ideal gas is increasing at a rate

of 0.05 kPa/s and the temperature is increasing at a rate of
0.15 K/s. Use the equation in Example 2 to find the rate of
change of the volume when the pressure is 20 kPa and the
temperature is 320 K.

A manufacturer has modeled its yearly production function P
(the value of its entire production in millions of dollars) as a
Cobb-Douglas function

P(L,K) = 1.47L065 033

where I is the number of labor hours (in thousands) and K is
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the invested capital (in millions of dollars). Suppose that when
L=30and K = 8, the labor force is decreasing at a rate of
2000 labor hours per year and capital is increasing at a rate of
$500,000 per year. Find the rate of change of production.

43. One side of a triangle is increasing at a rate of 3 cm/s and a
second side is decreasing at a rate of 2 em/s. If the area of the
triangle remains constant, at what rate does the angle between
the sides change when the first side is 20 cm long, the second
side is 30 cm, and the angle is /67

4. If a sound with frequency f, is produced by a source traveling
along a line with speed v, and an observer is traveling with
speed v, along the same line from the opposite direction toward
the source, then the frequency of the sound heard by the
observer is

o= (S
c =,

where ¢ is the speed of sound, about 332 m/s. (This is the
Doppler effect.) Suppose that, at a particular moment, you
are in a train traveling at 34 m/s and accelerating at 1.2 m/s2,
A train is approaching you from the opposite direction on the
other track at 40 m/s, accelerating at 1.4 m/s2, and sounds its
whistle, which has a frequency of 460 Hz, At that instant, what

is the perceived frequency that you hear and how fast is it
changing?

45-48 Assume that all the given functions are differentiable.

45. If z = f(x, y), where x = reos §and y = rsin 6, (a) find dz/dr
and dz/36 and (b) show that

9z \? dz z\* 1 [z \?
ax dy ar ro\ 96
6. If u = f(x, ), where x — e’costand y = ¢*sip t, show that
du \* du\* 1 {ou du \*
—_— —_— = g 8 - + _—
dx dy ds at
d 5}
41. If z = f(x — y), show that 2= + %% _
dax ay

48. If z = f(x, y), where x = s+ trandy =5 — ¢ show that

dz 2_ dz 0z

Jz
dx dy ds at
—_—

49-54 Assume that all the given functions have continuous
second-order partial derivatives,

49. Show that any function of the form

z=f(x+ ad + g(x - at)

is a solution of the wave equation
0%z

2 0%
=gl
ar?

dx?

[Hint: Letu = x + at, v = x — qt.]

50. If u = f(x, y), where x — e’costand y = e iy ¢ sho

0%u

u o] P
rt o5 =e 02 o2
dx dy as dat

51 If z = f(x, y), where x = 72 + 2 and y = 2rs, fing
(Compare with Example 7.)

2. If z = f(x, y), where x = rcos Bandy = rsing, ﬁnd
(a) 9z/ar, (b) 92/96, and (c) *2/ar 06. ‘

53. If z = f(x, y), where x = rcosg Bandy = rsing, ShQW

Pz Pz P gy iz
ax* Ayt ot | 2 g2 rae
4. Suppose z = f(x, y), where x — g(s, ) and y = his, f)
(a) Show that ;
Pz @2 [ox)? Pz ox dy o
ot ax? \ or dxdy at ot gy?
9z x| az Py
ax o> Jy ar?

(b) Find a similar formula for #z/ds ot.

55. A function £ is called homogeneous of degree 7 if |
the equation f{(rx, 1y) = £"f(x, y) for all t, wherep i
integer and £ has continuous second-ordeér partial de
(a) Verify that f(x, y) = X%y + 2xy? + 5y3is homog

of degree 3. k
(b) Show that if J is homogeneous of degree n, then
x—.ai + y,if =nf(xy)

dx dy

[Hint: Use the Chain Rule to differentiate flexory)
respect to ¢.] .
56. If £ is homogeneous of degree n, show that

62 (')2 62
» 21 57 2L <~ ftey
Y

57. If fis homogeneous of degree n, show that
Jiltx, 1y) = 1Y (x, y)

58. Suppose that the equation F(x, y, z) = @ implicitly defi
of the three variables X, ¥, and z as functions of the oth
z=f(xy),y=g(x, z), x = h(y, z). If F is differentia
Fy, Fy, and F, are all nonzero, show that

9z dx dy

dx 5 E T

59. Equation 6 is a formula for the derivative dy/dx of a fu
defined implicitly by an equation F(x, ¥) = 0, proyidec

is differentiable and Fy 7 0. Prove that if F has cont
ond derivatives, then a formula for the second deriv

d?y

=2 _ F;'XFV2 - ZnyFxFy + F y)’FxZ
dx?

F; ,3




