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Thus f(1) < 0 < f(2); that is, N = 0 is a number between f(1) and f(2). Now f is
continuous since it is a polynomial, so the Intermediate Value Theorem says there
is a number ¢ between 1 and 2 such that f(c) = 0. In other words, the equation
4x’ — 6x + 3x — 2 = 0 has at least one root ¢ in the interval (1, 2).
3 In fact, we can locate a root more precisely by using the Intermediate Value Theorem
again. Since

f(12)=—-0128<0 and  f(1.3) = 0.548 > 0

—1 3
/_/ a root must lie between 1.2 and 1.3. A calculator gives, by trial and error,
-3 f(1.22) = —0.007008 < 0 and f(1.23) = 0.056068 > 0
FIGURE 9
so a root lies in the interval (1.22, 1.23). s
0.2

We can use a graphing calculator or computer to illustrate the use of the Intermediate
Value Theorem in Example 9. Figure 9 shows the graph of f in the viewing rectangle
[—1, 3] by [ -3, 3] and you can see that the graph crosses the x-axis between 1 and 2. Fig-
1.2 1.3 ure 10 shows the result of zooming in to the viewing rectangle [1.2, 1.3] by [-0.2, 0.2].

In fact, the Intermediate Value Theorem plays a role in the very way these graphing
devices work. A computer calculates a finite number of points on the graph and turns on
the pixels that contain these calculated points. It assumes that the function is continuous
and takes on all the intermediate values between two consecutive points. The computer
FIGURE 10 therefore connects the pixels by turning on the intermediate pixels.

—0.2

m Exercises

1. Write an equation that expresses the fact that a function f 4. From the graph of g, state the intervals on which g is
is continuous at the number 4. continuous.
y
2. If f is continuous on (—o, ®), what can you say about its
graph? , o\ v \

3. (a) From the graph of f, state the numbers at which f is " X ) ) )

discontinuous and explain why. ,;; — 2 4 6 8 Cx
(b) For each of the numbers stated in part (a), determine

whether f is continuous from the right, or from the left,

or neither.

Y 5-8 Sketch the graph of a function f that is continuous except for
the stated discontinuity.

/ 5. Discontinuous, but continuous from the right, at 2

6. Discontinuities at —1 and 4, but continuous from the left at —1
and from the right at 4

— — 0 . X . Lo . . .
4 2 2 4 6 1. Removable discontinuity at 3, jump discontinuity at 5

8. Neither left nor right continuous at —2, continuous only from
the left at 2

Graphing calculator or computer required 1. Homework Hints available at stewartcalculus.com




9, The toll T charged for driving on a certain stretch of a toll
road is $5 except during rush hours (between 7 AM and 10 AM
and between 4 pM and 7 pm) when the toll is $7.

(a) Sketch a graph of T as a function of the time ¢, measured
in hours past midnight.

(b) Discuss the discontinuities of this function and their
significance to someone who uses the road.

. Explain why each function is continuous or discontinuous.

(a) The temperature at a specific location as a function of
time

(b) The temperature at a specific time as a function of the
distance due west from Paris

(c) The altitude above sea level as a function of the distance
due west from Paris

(d) The cost of a taxi ride as a function of the distance trav-
eled

(e) The current in the circuit for the lights in a room as a
function of time

. Suppose f and g are continuous functions such that
g(2) = 6 and lim, ., [3f(x) + f(x)g(x)] = 36. Find f(2).

12-14 Use the definition of continuity and the properties of limits
to show that the function is continuous at the given number a.

122 f)=x>+ 7T ~x, a=4
13 f(x) = (x + 2x°)*, a=—1

2t — 3¢?

W h() = =

15-16 Use the definition of continuity and the properties of limits
to show that the function is continuous on the given interval.
2x + 3

5 f) = =, @)

16. g(x) =23 —x, (—,3]

17-22 Explain why the function is discontinuous at the given
number a. Sketch the graph of the function.

T f) = - i - -2

{

" B
18 f(x) = {x 42 if x# -2
1

if x= -2

I—x% ifx<l1
1/x if x=1
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SECTION 1.8 CONTINUITY

23~24 How would you “remove the discontinuity” of /? In other
words, how would you define f(2) in order to make f continuous
at 27

x?=x-2 -8

P 24.f(x)=x 2

3. f(x) =

25-32 Explain, using Theorems 4, 5, 7, and 9, why the function
is continuous at every number in its domain. State the domain.

X

25, F(x) = —— o
=55 5%

2. G(x) = x (1 + 1)

2. R(x) = x° + V2x — 1 28, h(x) = —0

x+ 1

tan x

29. h(x) = cos(1 — x?) T
—x

N M) = A1+
X

30. B(x) =

32.k F(x) = sin(cos(sin x))

33-34 Locate the discontinuities of the function and illustrate by

graphing.
1

B.y=——"7—
J 1 + sinx

34 y= tan\/;

35-38 Use continuity to evaluate the limit.

5+
35, lim—\/; 36. lim sin(x + sinx)
x—4 /5 4+ x K>

37. lim xcos’x

x—af4

) lm% (x*=3x+D7?
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39-40 Show that f is continuous on {—oc, %),
x ifx<1

39'f(x)={ﬁ if x= 1

sinxy if x < 7w/4
cosx if x= w/4

4. f(x) = {

41-43 Find the numbers at which f is discontinuous. At which
of these numbers is f continuous from the right, from the left, or
neither? Sketch the graph of f.

1+x? ifx=0
M. fx) =42 —-x if0<x=2
(x =27 ifx>2

x+1 if x=1
2. f(x) =41/x if 1<x<3

Vx—3 ifx=3

x+2 if x<0
43. f(x) = 2x2 fosx=<]
2—-x ifx>1

44. The gravitational force exerted by the planet Earth on a unit
mass at a distance r from the center of the planet is

GM
e if r <R
F(r) =
GM
2 if r=R
-

where M is the mass of Earth, R is its radius, and G is the
gravitational constant. Is F a continuous function of #?

45. For what value of the constant ¢ is the function f continuous
on {—os, )7

Fla) = ex?+2x ifx<2
* X*—cx ifx=2

46. Find the values of @ and b that make fcontinuous
everywhere.

x*—4
x—2
ax* —bx+3 if 2
2x—a+b if x

) =

47. Which of the following functions f has a removable disconti-
nuity at a? If the discontinuity is removable, find a function ¢
that agrees with f for x # a and is continuous at .

-1
(a)f(x)={i‘, a=1
(b)f(x)=x-_x —2x’ y—

x—2

© f(x) =[sinx], a==

48. Suppose that a function f is continuous on [0, 1] except at
0.25 and that f(0) = 1 and f(1) = 3. Let N = 2. Sketch two
possible graphs of £, one showing that f might not satisfy
the conclusion of the Intermediate Value Theorem and one
showing that f might still satisfy the conclusion of the Inter-
mediate Value Theorem (even though it doesn’t satisfy the
hypothesis).

49. If f(x) = x* + 10 sin x, show that there is a number ¢ such
that f(c) = 1000.

50. Suppose f is continuous on [1, 5] and the only solutions of
the equation f(x) = 6 arex = 1 and x = 4. If f(2) = 8,
explain why f(3) > 6.

51-54 Use the Intermediate Value Theorem to show that there is
aroot of the given equation in the specified interval.
5. x*+x—3=0, (1,2 52 Jx=1-x (0,1

53. cosx =1x, (0,1) 5. sinx = x> —x, (1,2

55-56 (a) Prove that the equation has at least one real root.
(b) Use your calculator to find an interval of length 0.01 that
contains a root.

55. cos x = x° 56. x° —x24+2x+3=0

57-58 (a) Prove that the equation has at least one real root.

(b) Use your graphing device to find the root correct to three
decimal places.

57 x> —x*—4=0

59. Prove that f is continuous at a if and only if
lim f(a + ) = f(a)
i— 0
60. To prove that sine is continuous, we need to show that

lim-., sin x = sin a for every real number a. By Exercise 59
an equivalent statement is that

,lir% sinla + h) = sina

Use [6] to show that this is true.




