SECTION 14.6 DIRECTIONAL DERIVATIVES AND THE GRADIENT VECTOR

Exercises
1. A contour map of barometric pressure in hectopascals (hPa) is 7-10
shown for Australia on December 28, 2004. Estimate the value (a) Find the gradient of f.

of the directional derivative of the pressure function at Alice
Springs in the direction of Adelaide. What are the units of the
directional derivative?

(b) Evaluate the gradient at the point P,

(¢) Find the rate of change of f at P in the direction of the
vector u.

1. f(x,y) = sin(2x + 3y), P(=6,4), u=1i(/3i-j)
8. f(x,y) = y¥x, P(1,2), u=3(2i+5j)

9 f(x,y,2) =xe®, P(3,0,2), u=(-21)

0. foy,2) =vx+yz, P(1,3,1), u=(22%)

1-17 Find the directional derivative of the function at the given
point in the direction of the vector v.

. f(x,y) = e“siny, (0, w/3), v={(—6,8)

12, fx,y) = —

P (1,2), v={(3,5)

Based on date from Bureau of Meteorolo

B.glp.g) =p' = p°¢’, (2,1), v=i+3j
0300 1000 1300

(Distance in kilometers) 14. g(r, 5) = tan"(rs), (1, 2), v=>5i+ IOj
= ¥y 0Z x —_ —_
The contour map shows the average maximum temperature for 15 f0xy.2) =xe” + ye' + ze% (0,0, 0, v=(51-2)
November 2004 (in °C). Estimate the value of the directional 16. f(x,y,2) = Vxyz, (3,2,6), v= (—1,-2,2)
derivative of this temperature function at Dubbo, New South . .
L h(r, s, 1) = + 65 + =4i+ 12j +
Wales, in the direction of Sydney. What are the units? 1T M5, = InGr+ 65 +90. (1,1,1), v=di 12 + 6k

Use the figure to estimate D, £(2, 2).

Y (2,2)

on of the Commonwealth of Austra

19. Find the directional derivative of flxy) = Vxy at P(2, 8) in
the direction of Q(5, 4).

20. Find the directional derivative of f(x, y, ) = xy + yz + zx at
P(1, =1, 3) in the direction of Q(2, 4, 5).

Reprinted by pen

A table of values for the wind-chill index W = F(T, v) is given 21-26 Fir?d the ma?(im.um rate of change of f at the given point and
in Exercise 3 on page 935. Use the table to estimate the value the direction in which it occurs.

of Dy (=20, 30), where u = (i + j)//2. 21 f(x,y) = dyvx, (4,1)

8 Find the directional derivative of f at the given point in the 2. fls, 1) =1te", (0,2)
Ction indicated by the angle 6. 23. f(x,y) = sin(xy), (1,0)

fy) =+ x4, (1,1), 0= /6 2. f(x,y,2) = (x +y)/z, (1,1,—1)

I

=ye, (0,4), 6=27/3 5. f(xy.2) = x>+ y + 22, (3,6,-2)
=e'cosy, (0,0), 0=n/4 2. f(p, g, 1) = arctan(pgr), (1,2,1)

1. 'Homework Hints available a¢ stewartcalculus.com
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CHAPTER 14 PARTIAL DERIVATIVES

27. (a) Show that a differentiable function S decreases most

rapidly at x in the direction opposite to the gradient vector,
that is, in the direction of —V f(x).

(b) Use the result of part (a) to find the direction in which the

function f(x, y) = x'y — xy® decreases fastest at the
point (2, —3).

28. Find the directions in which the directional derivative of
f(x, y) = ye™ at the point (0, 2) has the value 1.

29. Find all points at which the direction of fastest change of the
function f(x, y) = x> + y2 — 25 — dyisi + j.

30. Near a buoy, the depth of a lake at the point with coordinates
(x,y) is z = 200 + 0.02x2 — 0.001y®, where x, y, and z are
measured in meters. A fisherman in a small boat starts at the
point (80, 60) and moves toward the buoy, which is located at
(0, 0). Is the water under the boat getting deeper or shallower
when he departs? Explain.

31. The temperature 7T in a metal ball is inversely proportional to
the distance from the center of the ball, which we take to be the
origin. The temperature at the point (1, 2, 2) is 120°.

(a) Find the rate of change of T at (1,2, 2) in the direction
toward the point (2, 1, 3).
(b) Show that at any point in the ball the direction of greatest

increase in temperature is given by a vector that points
toward the origin.

32. The temperature at a point (x,y, z) is given by

T(x,y,z) = 200e * ~3*~9%*

where T is measured in °C and X, ¥, z in meters.
(a) Find the rate of change of temperature at the point
P(2, =1, 2) in the direction toward the point (3, -3, 3).
(b) In which direction does the temperature increase fastest
atP?

(c) Find the maximum rate of increase at P.

33. Suppose that over a certain region of space the electrical poten-
tial V' is given by W(x, y, z) = 5x2 — 3xy + xyz
(a) Find the rate of change of the potential at P(3,4,5) in the
direction of the vector v = | + i—k
(b) In which direction does V change most rapidly at P?
(c) What is the maximum rate of change at P?

34. Suppose you are climbing a hill whose shape is given by the
equation z = 1000 — 0.005x> — 0.01y2 where X, y, and z are
measured in meters, and you are standing at a point with coor-
dinates (60, 40, 966). The positive x-axis points east and the
positive y-axis points north.

(a) If you walk due south, will you start to ascend or descend?
At what rate?

(b) If you walk northwest, will you start to ascend or descend?
At what rate?

(c) In which direction is the slope largest? What is the rate of
ascent in that direction? At what angle above the horizontal
does the path in that direction begin?

36. Shown is a topographic map of Blue River Pine Pro

31. Show that the operation of taking the gradient of a fu

38.

39. The second directional derivative of f(x, y) is

35. Let f be a function of two variables that has continy

I£/(x, y) = x° + 5x%y + y*and u = (2, £}, calculate.
Dif(2,1).

partial derivatives and consider the points A(1, 3); B3
C(1,7), and D(6, 15). The directional derivative of £
the direction of the vector AB is 3 and the directional
tive at A in the direction of AC is 26. Find the direction
derivative of f at 4 in the direction of the vector AT; “

Park in British Columbia. Draw curves of steepest desc
from point A (descending to Mud Lake) and from poi

.

i ¢
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the given property. Assume that u and » are differenti
tions of x and y and that a, b are constants,

(a) Viau + bv) = aVu + b Vyp (b) V(uv) = uVy

—uv
© (> =—L02” ’ (d) Vu' = nu

Sketch the gradient vector V f(4, 6) for the function
level curves are shown. Explain how you chose the di
and length of this vector. ‘

Dif(x,y) = Du[D, f(x, y)]




SECTION 14.6 DIRECTIONAL DERIVATIVES AND THE GRADIENT VECTOR

40. (a) If u = (qa, b) is a unit vector and f has continuous
second partial derivatives, show that

Dif = f.a® + 2f.,ab + f,,b*
(b) Find the second directional derivative of f(x, y) = xe? in

the direction of v = (4, 6).

41-46 Find equations of (a) the tangent plane and (b) the normal
line to the given surface at the specified point.

M.2(x =2+ - D+ (z—-32=10, (3,3,5)
2. y=x*—-2% (4,7,3)

43, xyz2 =6, (3,2,1)

48, xy +yz +zx=35, (1,2,1)

45 x+y+z=1e" (0,0,1)

46. x* + y* +oat= 3xy*2% (1,1, 1)

47-48 Use a computer to graph the surface, the tangent plane, and
the normal line on the same screen. Choose the domain carefully
_ 5o that you avoid extraneous vertical planes. Choose the
_ viewpoint so that you get a good view of all three objects.

4. xy +yz +zx =3, (1,1,1) 8. xyz=6, (1,2,3)

49. If f(x, y) = xy, find the gradient vector V£(3, 2) and use it
to find the tangent line to the level curve f(x, y) = 6 at the
point (3, 2). Sketch the level curve, the tangent line, and the
gradient vector.

. If g(x, y) = x> + y* — 4x, find the gradient vector Vg(1, 2)
and use it to find the tangent line to the level curve
g(x, y) = 1 at the point (1, 2). Sketch the level curve, the tan-
gent line, and the gradient vector.

. Show that the equation of the tangent plane to the ellipsoid
x*a® + y¥b? + z¥c? = 1 at the point (xq, yo, z0) can be
written as

XXo Yo , 220 _

e e

. Find the equation of the tangent plane to the hyperboloid
x¥a® + y*/b* — 2%/¢? = 1 at (xp, Yo, 20) and express it in a
form similar to the one in Exercise 51.

. Show that the equation of the tangent plane to the elliptic
paraboloid z/¢ = x?/a” + y*/b* at the point (xo, yo, 2o) can
be written as

2xxo . 2yp0  z+ 1z

a’? b? c

- At what point on the paraboloid y = x? + 77 is the tangent
plane parallel to the plane x + 2y + 3z = 17

. Are there any points on the hyperboloid x* — y? — 22 =1
where the tangent plane is parallel to the plane z = x + y?
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56. Show that the ellipsoid 3x* + 2y? + z2 = 9 and the sphere

x>+ y? + 22 — 8x — 6y — 8z + 24 = 0 are tangent to each
other at the point (1, 1, 2). (This means that they have a com-
mon tangent plane at the point.)

. Show that every plane that is tangent to the cone

x* + y? = 7% passes through the origin.

. Show that every normal line to the sphere x> + y* + z2 = p?

passes through the center of the sphere.

. Where does the normal line to the paraboloid z = x* + y?at

the point (1, 1, 2) intersect the paraboloid a second time?

. At what points does the normal line through the point

(1,2, 1) on the ellipsoid 4x? + y? + 4z% = 12 intersect the
sphere x? + y? + z% = 102?

. Show that the sum of the x-, y-, and z-intercepts of any

tangent plane to the surface /x -+ Wy + 4z =Jcisa
constant,

. Show that the pyramids cut off from the first octant by any

tangent planes to the surface xyz = 1 at points in the first
octant must all have the same volume.

. Find parametric equations for the tangent Jine to the curve of

intersection of the paraboloid z = x? + y? and the ellipsoid
4x? 4+ y* + 2> = 9 at the point (—1, 1, 2).

. (a) The plane y + z = 3 intersects the cylinder x? + y> =5

in an ellipse. Find parametric equations for the tangent
line to this ellipse at the point (1, 2, 1).

(b) Graph the cylinder, the plane, and the tangent line on the
same screen.

. (a) Two surfaces are called orthogonal at a point of inter-

section if their normal lines are perpendicular at that
point. Show that surfaces with equations F(x, y, z) = 0
and G(x, y, z) = 0 are orthogonal at a point P where
VF 5 0 and VG # 0 if and only if

F.G,+ F,G, + F,G,=0 atP

(b) Useé part (a) to show that the surfaces z> = x2 + y® and
x* 4+ y* + 722 = r* are orthogonal at every point of
intersection. Can you see why this is true without using
calculus?

. (a) Show that the function f(x,y) = ¥/xy is continuous and

the partial derivatives f, and f; exist at the origin but the
directional derivatives in all other directions do not exist.

(b) Graph f near the origin and comment on how the graph
confirms part (a).

- Suppose that the directional derivatives of f(x, v) are known

at a given point in two nonparallel directions given by unit
vectors u and v. Is it possible to find Vf at this point? If so,
how would you do it?

. Show that if z = f(x, y) is differentiable at xo = {xo, yo), then

i fx) = f(x0) = Vf(%e) - (x —x¢)
im =0
X=Xy |X - X0|

[Hint: Use Definition 14.4.7 directly.)




