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Finally, we note the connection between line integrals of vector fields and line integ
of scalar fields. Suppose the vector field F on R? is given in component form by the eq
tion F = Pi+ Qj + Rk. We use Definition 13 to compute its line integral along €

[ Fear=["Fa) - e ar

=" Pi+ Qi+ R (<Oi+ Y0+ 70 K) dr

fb [P(x(0), y(2), 20)¥'0) + Q(x(). (1), ) ') + R(x(0), y(2), 2())(

But this last integral is precisely the line integral in [[0]. Therefore we have

LF~dr=fCde+ Qdy + Rdz  whete F = Pi + Q]

For example, the integral fc ydx + zdy + xdz in Example 6 could be express
[ F + dr where

Fx,y,z) =yi+zj+xk

Exercises
1-16 Evaluate the line integral, where C is the given curve. 9. [C xyz ds,
1L [.yds, C:x=0y=10=<r=<2 Cix=2sint,y=1z=-2cost, 0st=m

10. [ xyz*ds,

2 C is the line féegment from (-1, 5,0) to (1, 6, 4)

Joxyds, Cix=1y=210<s1=1
3. f.xy*ds, Cis the right half of the circle x2 + y? = 16 1. [ xe’ ds,

1 C is the line segment from (0, 0, 0) to (1, 2, 3)
4. [ xsinyds, Cis the line segment from (0, 3) to (4, 6)
12. fc (x> + y* + %) ds,

5. "C(x2y3 — \/;)dy, Cix=t y=cos2t, z=sin2t, 0 < t< 27w
C is the arc of the curve y = +/x from (1, 1) to (4, 2) 13, fcxye“” dy, Cix=1,y=1 z=1, 0=<t=<1

6. [.xe’dx, 4. f.zdx + xdy + ydz,
C is the arc of the curve x = ¢” from (1, 0) to (e, 1) Cx=tLy=¢r z=¢30<st=<|

7 f.(x + 2y) dx + x*dy, C consists of line segments from 15. . z%dx + x*dy + y’dz, Cis the line segment from (
(0,0) to (2, 1) and from (2, 1) to (3, 0) to(4,1,2)

16. ‘c (y+2)dx+ (x + 2)dy + (x + y) dz, C consists 0
segments from (0, 0, 0) to (1, 0, 1) and from (1, 0,.1) fo
0,1,2)

8 [.x"dx + y*dy, C consists of the arc of the circle
x* + y* =4 from (2, 0) to (0, 2) followed by the line segment
from (0, 2) to (4, 3)
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11. Let F be the vector field shown in the figure. 4. [.F - dr, where F(x,y,z) = ysinzi + zsinxj + xsinyk
(a) If C, is the vertical line segment from (—3, —3) to (-3, 3), andr(f) =costi+sintj+sinstk, 0<r<x
determine whether .fc, F - dr is positive, negative, or zero. ‘
(b) If C; is the counterclockwise-oriented circle with radius 3 25. [ xsin(y + z) ds, where C has parametric equations x = 7%,
and center the origin, determine whether fcz F - dr is posi- y=tlz=r,0=<1<5

tive, negative, or zero. oy . .
& 26. [.ze™ ds, where C has parametric equations x = 7,y = 17,

z=e L 0=

y
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j: P 2T . .\ ?: [cAS|27-28 Use a graph of the vector field F and the curve C to guess
o \ whether the line integral of F over C is positive, negative, or zero.
; ; ARG R ) z’ Then evaluate the line integral.
A Vol
AN N b o v ) C is the arc of the circle x* + y? = 4 traversed counterclock-
RN | s/ wise from (2, 0) to (0, —2)
NS ‘\7&“«‘ o
A < 28, F(x, y) =~ | + ——— |,
\V\v‘\"\""g*‘e»ﬂa/a//b/ \/x2+y2 . \/x2_|,y2

C is the parabola y = | + x? from (—1, 2) to (1, 2)

Are the line integrals of F over C; and C; positive, negative, 29. (a) Evaluate the line integral "C F - dr, where

or zero? Explain. F(x,y) = ¢ 'i + xyjand C is given by
) =ri+j0sr=s1

PH (b) Illustrate part (a) by using a graphing calculator or com-
puter to graph C and the vectors from the vector field
corresponding to £ = 0, 1//2, and 1 (as in Figure 13).

30. (a) Evaluate the line integral fc F - dr, where
F(x,y,z) = xi—zj + ykand C is given by
r()) =2ti+ 3tj— 1k, —1 < t=1,
(b) Illustrate part (a) by using a computer to graph C and
the vectors from the vector field corresponding to
t==*1and i% (as in Figure 13).

Y,
e

[cAS| 31. Find the exact value of [.x’y*zds, where C is the curve with
parametric equations x = ¢’ cos 41, y = ¢ 'sindt,z=¢",

0=rt=<2m

22 Bvaluate the line integral (‘C F - dr, where C is given by the . . ) .
ctor function r(z). . 32. (a) Find the work done by the force field F(x, y) = x*i + xy j

on a particle that moves once around the circle

Fx,y) = xyi + 3y}, x? + y? = 4 oriented in the counter-clockwise direction.
) =1+ 7§, 0sr=1 A

S (b) Use a computer algebra system to graph the force field and
F,y,2)=(x+y)i+(y—2j+°k circle on the same screen. Use the graph to explain your
=i+ 2j+1k Osr=<| answer to part (a).
F(x,v,2) = sin xi + cos yj+azk, 33. A thin wire is bent into the shape of a semicircle x* + y* = 4,
Fe) =1 — Pj+tk, O0=sr=<] x = 0. If the linear density is a constant £, find the mass and

F center of mass of the wire.
{x, y,z) =xi -+ vjt+ vk,

) = cos i + sin tjitrk, O0=st<s7 34. A thin wire has the shape of the first-quadrant part of the
circle with center the origin and radius a. If the density
function is p(x, y) = kxy, find the mass and center of mass
Use a calculator or CAS to evaluate the line integral correct of the wire.

L decimal places.

35. (a) Write the formulas similar to Equations 4 for the center of
E - dr, where F(x, y) = xyi + sinyjand mass (X, y, z) of a thin wire in the shape of a space curve C
) =e'i+ ey, l=r=2 if the wire has density function p(x, y, z).




